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Abstract

This paper revisits the New Keynesian model in a liquidity trap when the govern-
ment lacks commitment, showing that incorporating sticky wages restores continu-
ity of the equilibrium path with price flexibility A, = co and A, — oo and resolves
counterintuitive implications such as the explosive effects of forward guidance and
fiscal policy. In the standard New Keynesian model, greater price flexibility deepens
recessions and intensifies deflation during a liquidity trap. As prices become more
flexible, the effects of forward guidance and fiscal policy increase explosively, ulti-
mately diverging to infinity. With sticky wages, these limit puzzles disappear. The
economy follows a stable path, and policy interventions have moderate and realis-
tic effects during a liquidity trap. Price flexibility is beneficial, while wage flexibility
can be beneficial or harmful depending on whether the zero lower bound (ZLB)

constraint is binding.
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1 Introduction

The Great Recession led central banks to set their policy rates at the zero lower bound.
However, the solution of the standard New Keynesian model has some unusual predic-
tions during the liquidity trap. Forward guidance, which lowers the nominal interest
rate in the future after the liquidity trap, can dramatically boost consumption today.
Government spending has huge output multipliers. Moreover, the cumulative current
effects of these policies that persist for multiple periods in the future grow explosively
with their expected duration. Price flexibility is harmful as greater price flexibility wors-
ens the recession in a liquidity trap. The economic path shows discontinuity: the output
gap increases with price flexibility to arbitrarily large but goes to zero when prices are
fully flexible.

I find that these counterintuitive implications of the standard New Keynesian model
disappear when I introduce the stickiness of wages. I focus on the case where the gov-
ernment lacks commitment. I find the equilibrium path is continuous for A = co and
A — oo once wage stickiness is introduced. Price flexibility is no longer harmful to
the economy, forward guidance has limited power, and fiscal multiplier lies within a
reasonable range. The mechanism I emphasize in this paper is an additional inflation
channel when wages are sticky. Suppose the economy suffers from a large negative TFP
shock. The real interest rate is negative. We will see a deflationary depression in the lig-
uidity trap for the standard model for the feedback loop of the IS equation and Phillips
curves. When the nominal interest rate hits the zero lower bound at T, the negative real
interest rate implies 7t < 0 and xr < 0. Since x7_1 and 7rr_1 is positively related to
rtr and x7 and ZLB is still binding at T — 1, x7_; and 7r7_; take more negative values.
As t goes backward, the deflation and output drop grow explosively. However, when
wages are sticky, this feedback loop is much attenuated. Suppose the economy has great
deflation today; it implies higher current real wages, which increases the labor supply
and consequently leads to larger output and a greater inflation rate. Since the real wage
cannot move too much at each period with both sticky wages and prices, it restricts the
equilibrium path during the trap as the initial real wage w_; is determined and cannot
grow explosively. In other words, lower productivity implies lower real wages, and the
inflation rate tends to increase to lower the real wage during the trap, which cuts off the
teedback loop of deflation and depression.

The model predicts three distinct patterns from the standard New Keynesian model
with sticky prices only. (i) the economy suffers from output drop after the trap. The
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reason is the discrepancy between the real wage and labor productivity for nominal
stickiness. Although the economy benefits from a lower output drop during the trap,
it cannot jump back to an efficient one immediately at the end of the recession; (ii) As
prices are more flexible, the duration of the liquidity trap gets shorter, and the economy
finally escapes from the liquidity trap and converges to the price frictionless equilib-
rium; (iii) Price flexibility is no longer harmful; instead, it is always beneficial. Wage
tlexibility, however, can be either beneficial or harmful, depending on whether the ZLB
constraint is binding.

The paper relates to the recent literature on forward guidance (Lacker, 2018; An-
drade et al., 2019; Nakata et al., 2019; Bilbiie, 2019; Bielecki et al., 2019; Bundick and
Smith, 2020; Gibbs and McClung, 2023; Fujiwara and Waki, 2022). Carlstrom et al. (2012)
show that a promise by the central bank to peg the interest rate below the natural in-
terest rate generates explosive dynamics for the inflation and output in the standard
New Keynesian model. Negro et al. (2013) refer to this phenomenon as the forward
guidance puzzle. They argue that it is unreasonable to assume that the central bank can
engender substantial changes in the long-term interest rates, which is why the forward
guidance puzzle arises. McKay et al. (2016) show that the magnitude of forward guid-
ance is substantially reduced when the markets are incomplete rather than complete for
the precautionary saving effects. They assume small redistribution effects. However,
redistributional effects of real interest rate changes can be significant in an incomplete
market model, as emphasized by Auclert (2019). Varying the distributional assump-
tion of McKay et al. (2016), Hagedorn et al. (2019) show that forward guidance can be
more, equally, or less effective in the incomplete markets model than the complete mar-
kets model. Additionally, incorporating information frictions, as shown by Angeletos
and Lian (2018) and Kiley (2016), can also substantially reduce the impact of forward
guidance, as it makes the IS equation or Phillips curve less forward-looking.

The paper also relates to the literature on the fiscal multiplier puzzle (Cook and
Devereux, 2013; Carrillo and Poilly, 2013; Fujiwara and Ueda, 2013; Benhabib et al., 2014;
Michau, 2019; Lemoine and Lindé, 2023) . Woodford (2011) and Christiano et al. (2011)
tind large fiscal multipliers in New Keynesian zero-bound models. Erceg and Lindé
(2014) find fiscal multipliers decrease substantially at higher spending levels when the
duration of the liquidity trap is endogenously determined. Cook and Devereux (2011)
study the spillover effects of fiscal policy in open economy models of the liquidity trap.

Closely related is the work of Cochrane (2017). Cochrane (2017) resolves the limit

puzzles by picking an equilibrium out of multiple equilibria, which either ensures zero
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inflation at time 0 or approaches the steady state as time goes backward. He names
them “local-to-frictionless” equilibria. Given his choice of equilibria, the economy per-
forms normally in the liquidity trap, and there are no counterintuitive implications of
policies and flexibilities. However, in order to choose such equilibria, the government
must at least have some partial commitments. I studied a different case where the gov-
ernment had no commitment, so our findings were complementary. The ability to make
commitments matters a lot in our setting. As Werning (2011) shows, if the government
has the full commitment, the economy circles around the steady state instead of having
explosive dynamics even for the standard New Keynesian model. But there are also
many similarities between the sticky wage equilibrium and “local-to-frictionless” equi-
libria. First, we both have positive inflation rates during the liquidity trap. Second, the
economy still has lower real output after the trap. Last, we both require the time of 0
state to be close to the steady state.

Finally, Diba and Loisel (2021) resolve the New Keynesian puzzles by assuming that
the central bank can only control the interest rate on bank reserve (IOR), and the nominal
interest rate adjusts to satisfy the balance sheet of the central bank. Specifically, Diba and
Loisel (2021) introduce a money-demand equation where the demand for money relates
positively to the real output gap y; and negatively to the difference of nominal interest
rates and IOR i; — i{OR. The central bank sets the IOR rate and nominal stock of bank
reserves exogenously during the liquidity trap. The nominal interest rate responds to
the real output gap without zero lower bound constraints. Given the initial price level
p—1, they show policies have reasonable effects. Our approach is similar to Diba and
Loisel (2021) in the sense that we both have one initial condition (in my case is w_1
and in their case is p_1), which restricts the equilibrium to behave explosively. But the
mechanisms are totally different: we emphasize the stickiness of wages. The equilibria
are also different. In their model, the inflation rate is still negative, but in our model,
it is positive. Besides, when prices become more flexible, the ZLB constraint is not
necessarily binding for the whole recession period, so the nominal interest rate is not
necessarily zero in our case.

The rest of the paper is organized as follows. In Section 2 and Section 3, I theoret-
ically analyze the equilibrium outcome and policy implications during a liquidity trap
for two cases: a non-forward-looking government that treats the future state as given,
and a forward-looking government that rationally realizes the impact of its own policy
on the future path. I show for both cases, the limit puzzles disappear, and the econ-
omy behaves normally during the liquidity trap. In Section 4, I quantitatively examine
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the behavior of the economy and the effects of policies across plausible ranges of price
and wage stickiness. The quantitative results are consistent with our theoretical find-
ings. Besides, I compute the welfare losses and find that price flexibility is beneficial,
but wage flexibility can be either beneficial or harmful, depending on whether the ZLB
constraint is binding or not. Section 5 concludes. Technical proofs are mostly delegated
to the Appendix.

2 Non-forward looking government

I use the New Keynesian model with sticky wages introduced by Erceg et al. (2000):

Households: The economy is assumed to be inhabited by a large number of identical
households. Each household is made up of a continuum of members, each specialized
in a different labor service and indexed by j € [0,1]. Income is pooled within each

household. The period utility takes the form

UNg(j)HHe

y
1+

U(C {Ni(i)}) = Tog(Ct) = |

where C; is the consumption index given

p

1 1— 1
Ct:(/ Co(i)' di) @
0

A typical household maximizes his expected life-long utility function Y5> 5 /U (Ct, {N¢(j) })
subject to the budget constraint:

1 1
| PG + QB < Bis + [ NiGIWi(i)dj + Dy

where B; represents purchases of one-period discount bonds at a price Q;, and D; de-
notes dividends from the ownership of firms. The household’s optimality condition of

o-rui(ar) (7))

Firms: For the production side, there is a continuum of firms indexed by i € [0, 1].

C; becomes
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Each firm produces a differentiated good with a technology represented by the produc-
tion function

Y;(i) = ANi(i)

where Y;(i) denotes the output of good i, A is an exogenous aggregate TFP (which goes
down during the liquidity trap) and N;(i) is an index of labor input used by firm i and
defined by

fw

Ni(i) = (| NG )"yt

where N;(i, j) denotes the quantity of type-j labor employed by firm i in period ¢. The
parameter €, represents the elasticity of substitution among labor varieties. Let W;(j)
denote the nominal wage for type-j labor prevailing in period ¢, for all j € [0,1]. The
nominal wages W;(j) are taken as given by firms, so the aggregate wage index is

1
Wy = ([ W)

Following Calvo (1983), the firm may reset its price only with probability 1-0, in any
given period. The firm reoptimizing in period ¢ will choose the price that maximizes the

present value of profits while that price remains in effect:

max ) B A ik (Pt+tht+k|t - AH Yt+kt)>
k=0 t+k

subject to the sequence of demand constraints:

Prige\
Yijke = ( 2 ) Y}

fork = 0,1,2,..., where A = [Sku&—ik is the stochastic discount factor, and Y, K|t

denotes the output in period t + k for firms that last reset their price in period t. The
optimality condition associated with the firm’s pricing problem above takes the form

0 1 W,
0kE {A Y (—> (P*—M f“)} =0
P p t tt+k t—‘rk‘t Pt+k t p At+k




i GP
where Mp = @,Tl

Sticky Wages: There is the union of each labor type j, which presents its members’

wages in period t. Wage stickiness is introduced following the Calvo staggered pricing,

where the union can reset their nominal wage only with probability 1 — 6, each period,

independently of the time elapsed since they last adjusted their wage. Let W;(j) denote

the newly set wage. In a way consistent with the utility maximization of its members’

households, the union seeks to maximize

Nl—l—q)

- e Wi (j) t+KE
Z ,39w t—&—kTHCNH—kH 1+(P)

where N, y; is the labor demand and defined by

Nkt = (%)%w(/ol Ni(i)di),

The first-order condition associated with the labor unions is given by:

*° . W¥
Z(,ng)kEt {Nt+k|t (Ct+kp E o My t+k|t) } =0

k=0

where M, = 93—@1.

New Keynesian Equations: For this sticky wage New Keynesian model, a first-

order Taylor expansion of equilibrium conditions at the the zero-inflation steady state

yields the IS equation and Phillips curves:

xt = Xpp1 — (i — 1" — 1P 4q)

mfy = BriP i + Kkpwy,

w w
T = Bt g1 + NyXt — KWy,

wy = wy_q1 + 1% — iy — Awy",

ey

()

©)

(4)

where x;, nf , 1y, w denote the real output gap, price inflation rate, wage inflation
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rate, and the real wage gap, respectively. w;" is the change of natural real wage. x
and «x, are flexibilities of wages and prices. x;, k,, Ny are functions of the elasticity of
substitutions €;,, and €, the Fischer elasticity qlo, and the nominal stickinesses 6, and 0.
The detailed proof of these equations is provided in the appendix. When wages become
fully flexible (8, — 0), with Ry, = Ay (14 ¢) and Ay, — oo, it follows that wy — (1 +
@)x;. Substituting this expression into equation (2), it gives us the IS equation and the

Phillips curve for the standard New Keynesian model featuring only price stickiness.

2.1 A motivating example: limit case

Cochrane (2017) shows the jump in the inflation rate at the end of the recession:

Frictionless equilibrium, k = =
6 T T T T

—— -

T
|
| —— T
|

Percent

FIGURE 1: THE JUMP OF INFLATION IN THE STANDARD EQUILIBRIUM (COCHRANE,
2017)

The discontinuity of the economic path (explosive when prices are sticky; zero gap
when prices are fully flexible) is related to this jump. Suppose the government has no
commitment and uses discretionary policy. Let T be the first time when the natural
interest rate returns to be positive. The standard model predicts that 7r = 0 when
prices are sticky even though the stickiness is very small, but 771 can be any positive
value when prices are fully flexible. The flexible price equilibrium allows for such a

jump at the end of recession because the optimal path {7, x;} is not unique: we could
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allow for any inflation 77; when inflation has no cost. To uniquely pin down inflation, I
introduce a new nominal rigidity: wage rigidity. First, I consider a simpler motivating

case where prices are fully flexible, but wages are not. I show the following lemma:

Lemma 1. (Sticky Wage Only) If wages are fully flexible but wages are not, and the govern-
ment lacks the commitment, there exists a unique equilibrium where ;¥ = —g; L where Qt is
the TFP growth rate at t and iy = p.

Proof. When 6, = 0, it implies x, = co and then w; = 0 from (2). (1)-(4) become 23

Xt = Xp41 — (it -1 = 7Tpt+1)r ®)
% = BrtYip1 + Naxy, (6)
s — Py = Awy", (7)

The change of the natural real wage (in log value) Aw;" equals the change of the
labor productivity, and I have Aw;" = log(A¢/As—1) = g The natural interest rate
1" = p + gi+1 where p is the discount factor. Substituting (7) into (5),

Xt = X¢41 — (Zt — rtn — ﬂwt+1 -+ AZU?_’_l) = Xt11 — (Zt — p — an_l)

Like the standard New Keynesian model, the welfare loss at t is approximated by
X2 + yw(ntw)z. The government minimizes the current welfare loss function when it
lacks the commitment. FOC implies

Xt + PNy =0

Substituting this into (6), I have

w

w
T ¢ N7Tt+1,

:1+P‘w Z

Restricting the path that does not explode as t goes forward, I have a unique solution
x; = ;Y = 0 at any t. We check that such policy satisfies all conditions and that ZLB is

1if w_1 75 0, 71—017 = —g0t+w_q.
2it can also be derived by using the model with only wage rigidities.
Sifw_1 #0,att =0 (7) becomes 7% — Py = Awy" — w_.
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not binding. (6) is satisfied immediately and (7) implies 7i;/ = —Aw;" = —g;. Then we
know from (5) iy = r/" + r;41” = p > 0. Thus, a zero lower bound (ZLB) is not binding.
O

I have a constant and positive nominal interest rate iy = p. When TFP goes down,
the natural interest rate decreases, but at the same time, the inflation rate increases to
the same level. The reason is that when there is only wage rigidity, the economy adjusts
prices to match the change in the real wage. Therefore, when there are adverse produc-
tivity shocks, the economy faces both inflation pressure and a lower real interest rate.
This inflation pressure attenuates the feedback loop of the deflation and the depression

in the standard New Keynesian model, as shown in the proposition below.

Lemma 2. (Sticky Price Only) If wages are fully flexible but prices are not, and the govern-
ment lacks commitment, when the sequence of negative shocks g is large enough, the zero lower
bound (ZLB) will bind, leading the economy into severe deflation and depression.

Proof. When 6y, = 0, it implies Ay, = o0, and thus w; = (1 + ¢)x; using (3) from the
previous discussion. Equations (1)-(4) become:

Xt = Xpp1 — (i — 1t — TP q),

Py = Bt r +xkp(1+ @)y,

% = (14 ¢)(xr — x4—1) + 1P — Awy",

The welfare loss at time t is approximated by x> + yp(r[f )2. Similarly, the govern-
ment aims to minimize the current welfare loss function in the absence of commitment.
Assuming that the lower bound constraint for the nominal interest rate i; is not binding,
the resulting first-order condition indicates:

¥ (14 ) = 0

Substituting this into the Phillips curve, I derive:

_ B e
1+ VPK;Z?(l + q))Z t+1

7Tpt

(8)
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Thus, if the assumption that the zero lower bound constraint is not binding holds,
then x; = m/ = 0 for any t. However, the nominal rate I; = r! = p + g;+1 can
become negative if g;.1 < —p, which contradicts this assumption that the zero lower
bound constraint is not binding. This scenario differs from the flexible-price, sticky-
wage economy, where inflation fully offsets the decrease in the nominal interest rate
when the growth rate declines. Consider that the negative shocks g; = —g persist for
T + 1 periods (t from 1 to T + 1) and then return to 0. The optimal interest rate is 0
for t < T for a government that focuses solely on the current welfare. For t > T, the
optimal nominal interest rate I; is implied by (8). From the above discussion, we know
that x; = M = 0 forany ¢t > T. Thus, for t < T, I have:

Xt = X1+ 8+ Py,

mhy = Brtiia +xp(1+ @)xe,

where § = —3+p < 0. Starting from x7,1 = 7'(? 41 = 0, itis straightforward to check
that x; and 71; are negative for any t < T, becoming increasingly negative as t moves
back from T to 0. Furthermore, if prices become more flexible and Ap increases, the
economy experiences greater deflation and depression. When prices are fully flexible
(8 is also 0), the output gap is 0 (x; = 0), the welfare loss is 0 independent of the

inflation rate (as y, = 0), and I only have the equation
i =1+l

Inflation can take any value as long as the implied nominal interest is non-negative.
This demonstrates the discontinuity of the equilibrium path when prices are sticky

while wages are flexible. O

As shown in lemma 1 and lemma 2, the sticky price and sticky wage equilibrium
paths are different, as zero lower bound constraint is binding in one case but not in an-
other case. Besides, there is a jump of the equilibrium path for large x, and for x, = oo
when only prices are sticky. The rest of this section aims to show that the equilibrium
path is continuous if wages are also sticky: with larger «x,, the equilibrium path con-
verges to the path of the fully flexible prices, as shown in my lemma 1.

Consider the case where wages and prices are both sticky. I characterize the discre-
tionary policy of the government at each time t. First, I assume that the government
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is non-forward looking in the sense that he takes the future state, especially ﬂf 1 T
x¢4+1 as given. In the next section, I will discuss the case where the government is looking
forward.

Using the quadratic approximation, the optimization problem becomes

min{x;* + i, (71:")? + o (71)?}
subject to (1)-(4)
ir >0
given w1, 1P, 71%, X041

The government at each period ¢ minimizes the current welfare loss subject to the IS
equation and Phillips Curves and takes whatever happens in the future as given. From
(4) at t + 1, we know that wy is given. And from (2), we know that ﬂf is also given. Thus
the government at time ¢ sets the interest rate i;, which determines both 7}’ and x;, to
minimize the current welfare loss {x;> + 1, (71:%)?} (since the government treats 71;¥ as
given).

The problem can be simplified as

min{x;? + po (1)} 9)
s.t. Y = Brt¥iiq + NyXp — KWy,
ir >0
given w;

FOC implies (if ZLB is not binding)

I assume that ZLB is not binding for the rest of the discussion. In reality, ZLB can
be binding for small values of k, (as we show in quantitative examples when prices
are very sticky). But our purpose is to focus on the limited behavior of this economy
when prices become very flexible. I will verify that the nominal interest rate i; is indeed

positive (it actually converges to p) later for extremely large « .
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Substituting (10) into (3) and after rearranging the terms, I get the backward evolu-
tion equation of {7t;*, ;P w;_1} (let ¢ = pyNy):

" 1+£Nw 0 TN M1 0
7Ttp = 0 ﬁ Kp 7Tt+1p + 0 (11)
Wi—1 1+_<p[;\lw B 1+ 1+¢N + Kp Wt 8t

2.2 After the recession

I assume the natural interest rate takes the following values: r" = —r, < 0 when

t=12,.,T—1,andr" =r, > 0whent =T,T 41, ... (there could be a liquidity trap
before T). Since 14" = p + 41, it implies ¢ = —r, —p = g whent = 1,2,...,T and
gt=1,—p=gywhent=T+1,T+2,.. Thus I focus on the time at and after T 41 so
that (11) becomes:

T 1+(/;Nw 0 e Ttr41" 0
P | = 0 B Kp P |+ 0 | VE>TH1 (12)
Wi v B 1ttt | Lo 8
(12) can be transformed into
Aprr _1+£N_w 0 B Ap7ti” Ap7tiq®
Abﬂ'tp = 0 ,5 Kp AbﬂfH_lp =A AbTL'H_lp ,Vt Z T+1
Apwy_q 1_~__¢[;\]w B 1+ 1_&% + K Apwy Apwy
(13)
where
Aprti® 7T 7" 7" T B+ ¢Ny ﬁf%Nw
_ 8b
Apwi—1 w1 wy wy 1 1=p 7 1=pFoNo
(14)
7wa

mpP | is the steady state value with respect to a constant growth rate g;,. Espe-
Wy
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7wa 0

cially whenx, — oo, | 7,7 | convergesto | —g; |, the same as the fully flexible case.
Wy 0

To solve the economic path after the trap, I need to find eigenvalues of matrix A in (13).

Lemma 3. If prices and wages are not fully flexible, the transition matrix A has one eigenvalue

strictly larger than 1 + % + Kp, and two eigenvalues in between zero and one.

Proof. Please see the appendix. O

Since I have one eigenvalue strictly larger than one, A,7t;%, Apmti?, Ayw;_q are not
necessarily zero after the trap as they are in the standard model without wage rigidities.
Especially I have the following property:

Lemma 4. The path of {Ny7t;%, AprtiP, Aywy_1} after the liquidity trap depends and only
depends on wr_1.

Proof. Please see the appendix. O

Unlike the standard model where 77; = x; = 0 for t > T, now the equilibrium path
after the trap depends on wt. This dependence gives the reason for the government’s
policy after the trap to be affected by the economic performance during the trap.

In the proof of lemma 4, I find By7ti® — | M ] Apw;_1 Next, I show some

Ab 7Ttp Xp
properties related to xy, and x,. It is useful for our final proof.

Lemma 5. (1)— <xp <0,0<x, <1 (2) when Kp — 00, xp — 1 and x,, — 0.

Ky
1+oNuw—p

Proof. Please see the appendix. O

2.3 During the recession

When t < T, gt = g» < 0 by our setting. Using the same approach, I have the backward

evolution equation

Aa Ntw 1+£Nw 0 1J:£§l\}]w Aa 7Tt+1w Aa 7Tt+1w
AP | = 0 B Kp Aartid? | = A | Agrq? | VELST
Auwt_l H:W ‘B 1+ % + Kp AaZUt Aawt

(15)
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where

Aa n,tw 7-[tZU naw
AT = mP | = | P
Agwiq W1 Wy
V[
and when x, — oo, | 7,7 | —
Wy

Tla
| 7P
Wq
0
—gu
0

8a

ﬁ

5+¢Nw
(16)

To find the economic path after T, Ineed to know wr. I have the initial condition w_;.

So it’s necessary to construct the bridge between w_; and wr from the above backward

equation:
AaTL’T_Hw 7'L'T+1w [ 7'L'bw 7'wa
AQTL'T+1P = 7'(T+1p - 7'L'bp + 7pr -
Aqwr wr Y wy
Ap7tr1® TTa—p" Xow
= | Mptra? | — | m” | = | xp | Dewwr —
AbwT Wy—p | 1
where
—K
TTa—p" T BT oN,
_ K
p | = _ p 8a gb
Tla—b = -5 K,, o
Thus
AVY: ik Xw T p%
Agrg? | = AT xp | Dpwr — | 7o P
Agw_q 1 We_p

)

(17)

(18)

(19)

(19) gives the connection between A,w_1 and Aywr. Then I show the main proposi-

tion:

Proposition 1. (Convergence of Equilibrium Path) when x, — oo, the economic path con-

verges to the path of fully flexible prices: wy — 0, 714

15
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7'[fp — —gb,VtZ T+1,lt —>th.45

Proof. Please see the appendix. O

2.4 Fiscal Multiplier

I follow Woodford (2011) in introducing fiscal policy. Suppose the government increases
its consumption from zero to a small positive value G;. Let ¢f = G;/Y{'. The log lin-
earized IS equation and Phillips curves are:

(xt — 8F) = (xt41 — &py1) — (e — 7" — 7TP110), (20)
7y = By iy + K, (21)

¥ = B + Ny (xr — T'gE) — xpwy, (22)

wy = wi_q + 1 — Py — Aw,”, (23)

where I' = ﬁ. And the quadratic welfare loss function is

L= {(x —Tg5)* + pp(7m")? + poo(:)?} (24)

Rewrite (24) as follows

(xt = Tg) = (xpp1 —Tgiq) — (it =" — 7Piy1) — (1 =T)AgH, 1, (25)

where Ag{., = g7, — &f- If we treat (x; — I'gf) as x;, the only difference from the
baseline sticky wage model is the additional term (1 —I')Agy{, ; in the IS equation. That’s
how fiscal policies come into the equation and affect the economy. I’ is also the friction-
less fiscal multiplier. Let x;, = 0o, (26)-(27) are the Phillips Curve and welfare loss
function for the standard model with fiscal policies:

Py = BrPiin + Ry (xr — Tgy), (26)

Yfw—1#0, moP — —ga +w_1q
5Our proof is mainly to show that the explosive economic path that appears in the standard model
when prices become very flexible does not appear in the model with sticky wages.
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L= {(x —Tg5)” + up(m¥)?} (27)

where X, = (1 + ¢)xp. (25)-(27) are the set of equations that characterize the stan-
dard model. They are the same as Woodford (2011) and Werning (2011).

Consider the following fiscal policy: gf = ¢¢, Vt < T and gf = 0, Vi > T. First1
show why the fiscal multiplier of the standard model is large and converges to infinity
with price flexibility.

From our setting, we know Agf = —g¢, if t = T and Agf = 0, if t # T. If we treat
(x¢ — T'gf) as x;, the only difference between the standard New Keynesian equations
without fiscal policies and (25)-(27) is at T — 1 the IS equation has (1 — I')g¢. Since it is
positive, it actually helps to relieve the binding constraint of ZLB. Suppose g°¢ is small so
that ZLB is still binding at T — 1. Then ZLB will be always binding before T, and i; = 0
Vt < T. Given i; = 0, I can compute the increase of (x; — I'gf) is (R, +1)T"17/(1 —T)g*
by using (25) and (26). Thus the fiscal multiplier is

ay
clt= R+ )T 1 -T)+T (28)

We know for any «,, the above term grows exponentially to infinity with T —1 — ¢.
The fiscal multiplier increases exponentially as time goes backward. And such fiscal
multiplier is always larger than one and also larger than its frictionless counterpart I'.
Besides when x, — oo, the fiscal multiplier increases to infinity at any time t < T — 1.
However for the sticky wage model, the fiscal multiplier converges instead of diverges

with price flexibility:

Proposition 2. (Convergence of Fiscal Multiplier) When x, — oo, the fiscal multiplier
converges to its frictionless level T'.

Proof. The approach is the same as I do in the baseline model without fiscal policy. If
I treat (x; — I'gf) as x; and I assume ZLB is not binding, the backward equation is the
same as our baseline model (the change of IS equation does not affect anything once
ZLB is not binding). So (x; — I'gf) must converge to 0 in the limit case. In other words,
x; — I'gi. I get the fiscal multiplier I'. And I only need to check that ZLB is not binding
in the limit case. Using (25) I can show thati; — pift # T —1and iy — p+ (1 —I')gC if
t = T — 1. They are both positive numbers. O
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3 Forward looking government

Following Kydland and Prescott (1977), I consider the case where the government is
forward-looking: they do not take future equilibrium and policies as given but instead
consider the impact of their current policy on the future path. I focus on the policy rule,
which is consistent and stationary after time T (after the liquidity trap, when ZLB is
not binding, the policy rule is i(w), which only depends on the state variable w). In
other words, at any time T + k after the liquidity trap, when the initial real wage gap is
wrk—1, the government understands that his policy affects the future state and assumes
that government in the future always employs the same policy rule i(w;) for state wy,
Vt > T +k, and his own optimal policy is still i(wr,,_1). I guess that the optimal
policy is linear: Ai(w) = i(w;) — p = ipws and verify that it is true given the quadratic
approximation of the welfare function and linear constraints ®. Given linear policies,

the key economic variables are linear functions of the state variable w;:

] = Cpwi—1, Ty = Cowy—1,xt = Cxy_q (29)

and

W1/ W = Yo (30)

for the reason I discussed in the non-forward looking case (see Lemma 4 ) 7. Since
the welfare loss function Q(w;) is the discounted sum of x? + pu, (7} )2 + pw(7¥)?, we

know Q(w;) takes the quadratic form:

Q(wy) = wa% (31)

The parameters {Cy, Cy, Cp, Y, Qu} are functions of iy, and iy, is determined by the
FOC of the government. I solve for {Cy, Cx, Cp, Yw, Qu} and iy, simultaneously. Com-
bining (29)(30) with IS equations and Phillips curves after the trap, I know

®When I do the approximations of the welfare and evolution equations around the steady state, the
corresponding optimal policy should be linear as it can be seen as a linear approximation of the policy
function i(w¢) around w; = 0.

7T have linear evolution functions for {nf , T, X, Wy—1} given iy, and the uniqueness implies that
there are three eigenvalues within (-1,1) and one eigenvalue beyond (-1.1). Therefore I will find three
equations al-ﬂ:f + by’ + cixy + djw;— = 0,i = 1,2,3 which implies that {nf , 4, x¢ } are linear func-
tions of w;_q
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CxYw = (Cx + Cp) — T Yw; (32)

CowYw = BCw — K + NoCryw; (34)
1= 70(1+Cy — Cp); (35)

For the welfare loss function, it can be written recursively as

Q(wr) = af + pp(7})* + oo (°)? + PQ(wi41) (36)
Combining with (29) (30), I get

Qu = C; + #pC; + 1uCs + 5%; (37)
w

Next, I determine i, by finding the optimal policy function. With some abuse of
notation®, the government at time s(s > T) assumes that the policy rule is i(w;) =
P + ipwy_1 afterwards, and thus he can assume that at time s + 1, the key economic

variables are linear functions of the real wage gap ws:

P

S+1 == prs, 7T;U+1 = Cu;ws, Xs+1 == Cwa (38)

He tries to minimize the following welfare loss function (by choosing is):

x5+ () + () + PQui (39)
while x;, 7 and 7% satisfy the IS equations and Phillips curves at time s. Substitut-
ing (38) into (1)-(4),  have
_ ws—1 — Ny (is — p)
1+ Kp + Ky + ,B(Cp - Cw) - Nw(cx + Cp)
Combining (1)-(4) with (33) (34) (35) (40),

Ws (40)

8] use iy, to denote the coefficient for the interest rate function, while I use i; and i; to denote the in-
terest rate at time s and ¢.
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Yo — (Cx+ Cp)ws—l — Yw(1 4+ NopCy) (is — o)
* 1+xp+xw+ B(Cp— Cw) — Noy(Cx + Cp)

(41)

f _ ')’wcp(ws—l - Nw(is - P)) (42)

O — (,Bcw — Ky + Nw(cp + Cw))ws—1 — (1 + 'chp)NW(is - P) (43)
1+xp+xw + B(Cp — Cw) — Nuw(Cx +Cp)

They are functions of the real wage gap w,_; and policy is. When the government

w

at s chooses his policy, he does not need to make i; linearly related to w,_;. But com-
bining (40)-(43) and (39), we can see that the welfare loss function can be rewritten as a
quadratic form of w,_; and i, and the optimal policy is should be a linear function of
ws_1, and it verifies our guess. Since the policy rule and the functions of key economic
variables are stationary, I have is — p = i,ws_1, nt = Cows—1, 1y = CypWs—1,Xs =
Cyws_1. Substituting them into the FOC, I get
Nw')’w,upcg + Nw,uw(l + Cp’)’w)cw + ’)’w(l + chx)cx + ,BNw% =0 (44)
Now I have six equations (32)-(35), (37) and (44) to determine the six endogenous pa-
rameters {Cp, Cw, Cx, Yw, Qu, iw}. The solution characterizes the equilibrium path after
the liquidity trap when ZLB is not binding. To learn how the equilibrium path changes
with price flexibility kp, L only need to know how the parameters {Cp, Cuw, Cx, Yw, Qu, iw
(the solution to six equations) change with x,. And I have the following lemma:

Lemma 6. For x, > 0, the solution to equations(32)-(35), (37) and (44) with vy, > 1 exists.
As Ky — oo, it satisfies Cy — 0, Cy — 0, Cp—1,iw —0,Quw — 0, v — 0.

Proof. Please see the appendix. O

Lemma 6 implies that after the trap (t > T) we will have a stationary policy rule,
and this policy rule converges to the flexible price policy rule when price becomes suf-
ticiently flexible. Besides, the equilibrium path after the trap converges to the path of
fully flexible price equilibrium. Specifically, suppose initially we have a positive real
wage gap. In that case, such a gap will be filled in by price inflation (C, — 1), and the
equilibrium path will come back to the first best equilibrium immediately for the next
period (w;_1/w; = ¥, — o0). Wage inflation rate and output gap both converge to zero
(Cw — 0and Cy — 0).
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Now I characterize the equilibrium path during the trap (t < T) by using the back-
ward induction. Suppose the policy rule after time ¢ is is(ws_1) Vs > t. Att+ 1 the price
inflation rate is 77}, ; (w;), the wage inflation rate is 71, (w¢), the output gap is x;.41(w),
the evolution function is w;1(w;), and the welfare loss function is QY ;(w¢). The IS
equations and Phillips Curves at time f become

xt = xppq(wy) — (i — 1" — nf+1(wt)), (45)
Py = BriP i (wy) + kpwy, (46)

¥ = Bt (W) + Noypxy — KWy, 47)
wy = wi_q + 1 — Py — Aw,", (48)

The welfare loss function is

QF = xt + P‘P(Tft) + po (7 ) + BQi (W), (49)

Combining with (45)-(49), I find the evolution of w;_; follows

wi—1 = N (it — 11') + wi (1 + 6 + K0) + B(71) 1 (w) — 711 (wr)) —
Ny (x;11(we) + 7Tf+1(wt)) + Awy (50)

Given the initial state w;_1, the policy rule i; determines the real wage gap w; for the

next period from (50). By using the implicit function theorem 9.1 find

diy drf (w) A (w) d dn?_ (ws)
t 1 + Kp + Kw + ‘B( t;r;)t f;zll}t ) . Nw( Xt;lL;U(tWt) + t;zluiL )
Combining with (45)-(49), we know ‘fi’l‘f, ddf* and 4 t using the chain rule. Then I
I need T (wy), nf w1(wr), X1 (wr) and QF, ; (wy) to be differentiable. We know that after time T,

they are either linear or quadratic, so they are differentiable. And I can also show by backward induc-
tion that those functional forms remain the same during the trap when I do not consider the ZLB con-
straint. Lemma 6 shows that ZLB is not binding in the limit, so those functions are indeed differentiable
when the wage flexibility is large and the initial real wage gap w_; is small.
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can write out the FOC of the government and find the optimal policy i;. The following

lemma shows the limit properties of key economic variables during the trap.

Lemma 7. Ifnfﬂ(wt) — wp — Aw}q, 7 (we) — 0, xpq1(wr) — 0and QY (w;) — 0as
Kp — 00, then nf(wt_l) — w1 — Aw}, ¥ (wi—1) = 0, x¢(wi—1) = 0and QF (wy—1) — 0
and wy(w;_1) — 0.

Proof. Please see the appendix. O
A direct result of lemma 6 and lemma 7 is the following proposition:

Proposition 3. When wages are sticky, and the government is forward-looking, as x, — o,
the nominal interest rate converges to the discount rate, and the economic path converges to the

path of a price-frictionless economy.

Instead of an explosive solution, I show that the economic path is continuous with
discretionary monetary policy and converges to the efficient one when wages are sticky.
Therefore, no matter whether the government takes whatever happens in the future as
given or expects the impact of its current policy on the future states in a rational way,
larger price flexibility will not lead to a worse outcome but will bring this economy
back to the frictionless equilibrium. The connection between a non-forward-looking

government and a forward-looking government is shown in the following proposition:

Proposition 4. When x, — oo or ky, — 0, the first-order conditions of the forward-looking
and non-forward-looking government converge to be the same.

Proof. Please see the appendix. O

When I have flexible prices or sticky wages, the equilibria of a non-forward-looking
and a forward-looking government converge to be the same. The economic intuitions
are as follows: (1) when prices are sufficiently flexible, the adjustment cost of prices is
small. The level of the real wage gap for the next period (the state variable for the next
period) does not matter much, as the government for the next period has enough room
to mitigate the real wage gap by price inflation (since the cost is small). So it is like
the current government (though he might be forward-looking) takes the future state as
w41 = 0 (as if prices are fully flexible), and the future path is independent of his current
policy. (2) when wages are sufficiently sticky, the wage inflation rate hardly depends on
the output gap and the real wage gap (since «, is small). The Phillips curves imply that

the government can hardly change the wage inflation and thus the real wage gap for
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the next period through its policy. Thus, it is like the current government (though he
might be forward-looking) takes whatever happens in the future as given in spite of its
own policy.

Finally, I show that the fiscal multiplier converges to its frictionless level when the
government is forward-looking. Consider the same fiscal policy as I defined in Section
2. Since g = 0,Vt > T, the optimal policy function i(w) and the functions for critical
economic variables should be the same as our previous expressions for t > T.

For t < T, when introducing fiscal policy, let n;’fl(wt), n;k}r"l(wt), X} +1(wt) and
Qf%; (wt) denote the corresponding functions of key economic variables and the wel-

fare loss function at time f + 1. The IS equations and Phillips curves are

X —Tgf = (x) 1 (wy) —=Tg5q) — (e — " + (1 =T)Agf,y — 71 (wy)),  (52)
7Py = BrcP i1 (wr) + kpwr, (53)

i = B (we) + Ny (3 — Tg7) — Ky, (54)

The welfare loss function is

QF = (x¢ = Tg)? + pp(f ) + poo (1) + PQIYy (1), (55)

Treating x; — I'¢f as x; and iy — r/" + (1 — 1")Ag§Jrl as iy — r¢"" (denoted by Ai;) , I
get the same expression as before as if there is no fiscal policy. If ZLB is not binding
in this case, I must have x; — I'gf — 0 (or x; — I'g) since initially I have x; — 0
when there is no government spending. In other words, the fiscal multiplier converges
to the frictionless level I. To show that the ZLB is not binding, recall that we have
already found i; — " — —Aw} ' In lemma 6. Thus with fiscal policies I must have
iy — 1"+ (1 -T)Agf , — —Aw} , (oriy — p— (1 =T)Agf, ). Agf,, is either -¢¢ (When
t =T —1)or0 (whent # T — 1) so i; converges to either p or p + (1 — I')g¢. Therefore
ZLB is indeed not binding.
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4 Quantitative results

4.1 Methods

The above analysis focuses on the limit case where x, — oco. It does not tell us what hap-
pens in this economy when prices are very sticky. To characterize the economic path for
small xp, I use the quantitative methods. From now on, I cannot impose the assumption
that ZLB is not binding (especially when x, is small). So I need the backward evolution

equation for both cases where ZLB is binding and is not binding.
Case I: Non-forward looking government:

First consider the case when the government is non-forward looking. If ZLB is not

binding, the backward evolution equation is:

T 1+£Nw 0 1+_£Klw 0 1" 0
TP 0 K 0 TP 0
A I J L+ , (56)
Wi TNy ,B 1+ T+¢N, + Kp 0 wt gt
Xy TN, O oKy 0 i1 0
If Z1LB is binding, it becomes:
T ,B Ny —Kw Ny T1” Nyt
TP 0 K 0 TTrq? 0
t _ p p et . 57)
Wi—1 _,B ,B — Ny 1+x4+ Kp —Ny wt g — Nyt
Xt 0 1 0 1 Xt11 Tt

To find whether ZLB is binding or not, I check the implied i; from FOC:

41"

p

- 9B —PKw TT41
1 = m, 1, m, 1 w; + 74, (58)

Xt4+1

ZLB is binding iff (58) is negative. From our analysis in Section 2, I also know that
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r41® Xw

Tr1F X
LR P | wr (59)
wT 1

XT+1 —Pxw

Then, I use the following steps to solve the model quantitatively:
Step 1: Find the eigenvalue A3 (the one larger than 1) of A;

Step 2: Compute x;, and xp;

Step 3: Guess wr_1 and compute w_; backwardly by (56)(57)(58)(59)

Step 4: Solve wr_1 and the whole economic path using the bisection method.

Case II: Forward looking government:

Now consider the case when the government is forward-looking. The optimal policy
function and functions of key economic variables can be solved backwardly as well.
Specifically, I use the following steps to solve the model:

Step 1: solve equations (32)-(35), (37) and (44) to find the equilibrium after the reces-
sion and the optimal policy rule.

Step 2: solve the policy rule and key economic variables during the recession back-
wardly. Suppose I know 75t (wt), 7tl ! (wy), x¢41(w;), and Q41 (wt) and the initial real
wage gap is w;_1. Instead of choosing i;, here I choose w;, as w; implies the current
policy i; by using the IS equation and Phillips Curves, and it is easier for us to calculate.
The interest rate i; is very sensitive to our chosen w; 10, Thus I use linear interpolation
for 7,1, 7!, x;41 and quadratic interpolation for QY ;.

Step 3: construct the path for given w_;. As I use interpolation in Step 2, wy(w;_1)
might not be a grid point. So I use linear interpolation again to find ni,“ (wy), b (wy),

x¢+1(w;) and construct the path.

Wthe coefficient ~ 1/N,, where 1/ Ny, is 45 under our calibration.
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4.2 Quantitative Results

Our model period is one quarter. For the baseline model, I use Gali’s calibration and set
w_1 = 0 and the length of the recession to be 10 quarters. Our calibration is summarized
in Table 1. The results for the non-forward-looking government are shown as follows
(for the baseline model, the results are plotted by the solid lines):

Parameter Description Value
B Discount factor 0.99
1/ Frisch elasticity 02
Op Price revision rate 3/4
Ow Wage revision rate 3/4
€p Elasticity of substitution across intermediate goods 9
Ew Elasticity of substitution across labor types 45
ga Productivity growth rate during the trap -0.02
gb Productivity growth rate after the trap 0

TABLE 1: CALIBRATION
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FIGURE 2: NON-FORWARD LOOKING GOVERNMENT: PRICE INFLATION AND WAGE
INFLATION RATE
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FIGURE 3: NON-FORWARD LOOKING GOVERNMENT: OUTPUT GAP AND REAL WAGE
GAP

The results for the forward-looking government (for the solid line, I use Gali’s cali-
bration):
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FIGURE 4: FORWARD-LOOKING GOVERNMENT: PRICE INFLATION AND WAGE
INFLATION RATE
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FIGURE 5: FORWARD-LOOKING GOVERNMENT: OUTPUT GAP AND REAL WAGE GAP
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The quantitative results for the non-forward-looking government (Figure 2 and Fig-
ure 3) of our baseline calibration are very similar to the forward-looking counterparts
(Figure 4 and Figure 5). Especially for the output gap and inflation rate, the values are
nearly the same. As proposition 4 implies (the convergence of two equilibria), as I set
8, = 3/4 under rhe baseline calibration, the wages are sticky, and the results for two
equilibria should be similar to each other.

The dotted lines from Figure 2 to Figure 5 imply larger x;, or more flexible price.
In particular, the dashed line represents relatively small price flexibility (but larger than
our baseline calibration), the dash-dotted line represents the medial price flexibility, and
the dotted line represents the largest price flexibility. As is shown in the graph, the wage
inflation rate converges to zero while the price inflation rate converges to the inverse of
the productivity growth rate (it's —2% when t < 10 and 0 when t > 10). For the output
gap, when prices are sticky (x, is small), the economy suffers from great depression
during the recession periods (x; decreases exponentially for the solid line) when the
government is forward-looking. When the government is non-forward looking, I have
a small positive output gap because of the inflation of prices. But as prices become
more flexible, both output gaps converge to zero. The real wage is above the frictionless
level for both non-forward-looking and forward-looking cases. Besides, the real wage
gap increases with time. The reason is that the decline of the real wage is smaller than
the decline of productivity, for we have both sticky wages and sticky prices. Adjusting
the real wage is costly, and the real wage goes down more slowly than productivity.
Similarly, the real wage gap converges to zero as prices become more flexible.

Figure 6 plots the nominal interest rate, which shows an interesting pattern:
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FIGURE 6: NOMINAL INTEREST RATE

When prices are sticky, ZLB turns out to be binding at the end of the recession rather
than at the beginning (the solid line). It further confirms our statement that the feed-
back loop of the deflation and the depression disappears when wages are sticky. With
more flexible prices, ZLB is not binding (the dotted lines), and the nominal interest rate
converges to the discount rate (o = 0.01).

4.3 Welfare Loss

I answer one of the interesting questions in this section: Is price flexibility harmful?
I compute the total welfare loss (according to the second-order approximation) with
respect to both price and wage flexibility. The results are as follows:

forward-looking government

0.7 0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

010"
PP

FIGURE 7: WELFARE LOSS FUNCTION: FORWARD-LOOKING GOVERNMENT
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non-forward-looking government

FIGURE 8: WELFARE L0OSS FUNCTION: NON-FORWARD LOOKING GOVERNMENT

Figure 7 shows the welfare loss when the government is forward-looking. Figure
8 shows the welfare loss when the government is not forward-looking. The light col-
ors (green — orange — yellow) imply larger welfare loss, while the dark colors (dark
blue — blue) imply smaller welfare loss. From Figure 7 and Figure 8, we can see the
following pattern for our ranges of parameters:

(1) Price flexibility is always beneficial, given the level of wage flexibility.

(2) Wage flexibility could either be beneficial or harmful.

The economic reasons are as follows. Consider the case where ZLB is not binding,
but the economy suffers from some negative productivity shocks. The efficient outcome
requires the real wage to decrease to the same level of productivity, while the nominal
rigidities of prices and wages make such adjustments costly. When prices or wages are
more flexible, the economy experiences lower costs for such adjustments. When wages
are not fully flexible, there are two channels to reduce the real wage: by the inflation
of prices or the deflation of wages. When prices become more flexible, the inflation
channel is less costly, and the government has a stronger incentive for greater inflation.
This incentive after and during the recession makes ZLB less binding.That’s why the
economy can ultimately escape from the vicious cycle of deflation and depression for
sufficiently flexible prices. From both aspects, price flexibility is beneficial as it low-

ers the cost of the real wage adjustment and makes ZLB less binding. However, when
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wages are more flexible, the government prefers the deflation channel (the deflation of
wages) instead of the inflation channel (the inflation of prices). So, it lowers the incen-
tive for greater inflation and makes ZLB more binding. When ZLB is binding, monetary
policy is ineffective in reducing the costly change of the real wage gap, and the economy
suffers from a greater welfare loss. Such negative impact is especially larger when ZLB
has already been binding, as we can see in the graph above (1) when 6, is large (prices
are very sticky and ZLB is close to being binding), increasing wage flexibility is at first
beneficial (because it lowers the adjustment cost of the real wage) but then harmful (be-
cause it makes ZLB be binding); (2) when 0, is small (prices are flexible), ZLB is always
not binding, and thus increasing wage flexibility is always beneficial as it lowers the
adjustment cost of the real wage gap.

4.4 Forward Guidance

In this section, I consider the impact of forward guidance. Forward guidance is em-
ployed in the following way: the government at time T is not allowed to optimize, and
he must set iy = 0. Here I show two distinct results about the effect of the forward
guidance with wage rigidities:
(1) The effect of the forward guidance becomes much smaller with a sticky wage.
(2) Such effect converges to infinity with price flexibility for the standard New Key-
nesian model but converges to zero for the sticky wage model.

32



standard

— — standard:guidance
non-forward looking

— — non-forward looking guidance

1 1 1 1
5 -] 7 8 9 10 11

FIGURE 10: FORWARD GUIDANCE: OUTPUT GAP (NON-FORWARD LOOKING
GOVERNMENT)

0.05 T T T T T

standard
— — standard:guidance

forward looking
— — forward looking:guidance

-0.25 1 1 1 1 1
5 6 7 8 9 10 1

FIGURE 11: FORWARD GUIDANCE: OUTPUT GAP (FORWARD LOOKING
GOVERNMENT)
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FIGURE 12: FORWARD GUIDANCE: INFLATION RATE (NON-FORWARD LOOKING
GOVERNMENT)
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FIGURE 13: FORWARD GUIDANCE: INFLATION RATE (FORWARD LOOKING
GOVERNMENT)

Figure 10 and Figure 11 show the effect of the forward guidance on the output gap.
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Figure 12 and Figure 13 show the effect of the forward guidance on the inflation rate.
The solid lines represent the sticky wage model and the dotted lines represent the stan-
dard model. I use the same calibration as the sticky wage model for the standard model,
except that I assume wages are fully flexible. Before we look at the effect of the forward
guidance, I first compare the equilibria of sticky wage (blue solid line) and flexible wage
models (red solid line) when there is no forward guidance. We can see that without for-
ward guidance, the economy with sticky wages behaves much more normally than the
economy without sticky wages, whether the government is forward-looking or not, for
the reasons I discussed previously.

When there is forward guidance, we observe that the effect of the forward guidance
on the real output gap (the difference between the light blue and the dark blue lines)
and on the inflation rate (the difference between the orange and the red lines) is tiny
for the sticky wage model while their effects are much greater for the standard New
Keynesian model. The reason is similar to what I discuss above. Forward guidance
has magical power in the standard model as it raises the inflation rate at the end of the
liquidity trap, which helps the economy escape from the vicious cycle of deflation and
depression. However, when wages are sticky, there is an incentive for greater inflation
to reduce the adjustment cost of the real wage during the recession, so the power of
forward guidance is much muted.

10 Non-forward looking government 4210 4 Forward looking government 5 standard model

sticky price
— = flexible price

2

1 2 k) 4 5 6 7 B 3

FIGURE 14: THE IMPACT OF FORWARD GUIDANCE ON THE OUTPUT GAP FOR
DIFFERENT PRICE FLEXIBILITY

Figure 14 shows how the effect of the forward guidance varies with different price
flexibilities. I measure such effect by the real output difference with and without the
forward guidance, i.e. x; — x;. Solid lines are for stickier prices, and dotted lines are for

more flexible prices. The blue color is for the sticky wage model, and the red color is for
35



the standard model. The standard model predicts that when prices are more flexible,
the power of the forward guidance is growing larger. This is counterintuitive: as the
nominal rigidity goes down, monetary policy should have a smaller impact on the real
economy by controlling the nominal interest rate. For the sticky wage model, the results
are consistent with our intuition and observations. When prices are more flexible, the
effect of the forward guidance becomes smaller. The reason is that when prices become
more flexible, the price inflation channel becomes cheaper than the wage deflation chan-
nel in order to reduce the real wage. Thus, the government has a stronger incentive for
higher inflation, and it further diminishes the effect of the forward guidance as it affects

the equilibrium path during the recession by affecting the inflation rate.

4.5 Fiscal Multiplier

For the standard model, we know the fiscal multiplier is paradoxically large (much
greater than one) during the liquidity trap. In this section, I show two distinct results
for the fiscal multiplier for the sticky wage model:

(1) Fiscal multiplier becomes much smaller when wages are sticky.

(2) Fiscal multiplier converges to infinity with price flexibility for the standard model
but converges to the frictionless level for the sticky wage model.

3 T T T T T T

fiscal multiplier:-non-forward looking government
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FIGURE 15: FISCAL MULTIPLIER: NON-FORWARD LOOKING GOVERNMENT
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FIGURE 16: FISCAL MULTIPLIER: FORWARD-LOOKING GOVERNMENT

Figure 15 shows the fiscal multiplier of a non-forward-looking government. Figure
16 shows the fiscal multiplier of a forward-looking government. The solid line uses
our calibration, while the dotted lines are for more flexible prices (the same parameters
except 6,). The light blue lines represent the frictionless fiscal multiplier. From (52), we
know the fiscal multiplier of the standard model is (X, +1)T~17#(1 — ') 4+ I during the
liquidity trap when ZLB is binding. According to our baseline calibration, it is 144.1 at
time ¢t = 1 and 81.4 at time t = 2, and it is much larger than the level of the sticky wage
model which is below 3. The reason why we have a smaller fiscal multiplier is again the
incentive for inflation. For the standard model, fiscal policy has a great impact on the
economy during the liquidity trap as it plays the role the monetary policy should play,
but not because of the ZLB constraint. For the standard model, when the government
spending increases by ¢¢ at time T — 1, the output increases by ¢¢ and the real output
gap increases by (1 —I')g¢ (since the output increases by I'g¢ for the economy without
nominal rigidities) at time T — 1. A greater output gap stimulates a greater inflation
rate and relieves the impact of the vicious feedback loop. However, when wages are
sticky, the government has an incentive for inflation, and ZLB tends not to be binding.
Therefore, there is less room for fiscal policy to substitute the role of the monetary policy
during the liquidity trap, and we observe a much smaller fiscal multiplier. Besides, with

more flexible prices, fiscal policy has less impact, as shown in Figure 15 and Figure 16.
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5 Conclusion

I introduce wage stickiness into the standard New Keynesian model to resolve the New
Keynesian puzzles and paradoxes. Sticky wages add an inflation channel of prices to
lower the real wage gap, which attenuates the feedback loop of the IS equation and
the Phillips Curve. I study a forward-looking and a non-forward-looking government
and find that; in both cases, the equilibria converge with the price frictionless equilibria
with increasing price flexibility. This convergence is guaranteed by the uniqueness of
the solution when wages are sticky. Our quantitative results show that the economy per-
forms much normally in the liquidity trap. Forward guidance and fiscal policy are not
as effective as the standard New Keynesian model implies, and structural reforms that
increase price flexibility are not contractionary and are beneficial for the economy. The
tiscal multiplier decreases to the frictionless level instead of growing explosively with
the flexibility of prices. In literature, sticky wage New Keynesian models are usually
employed to study labor market performances, such as the unemployment rate and the
labor income share over the business cycle. So, our study emphasizes the importance of

wage stickiness in a zero lower-bound interest rate economy.
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Online Appendix of “Liquidity trap revisited: when wages
are sticky”

The New Keynesian Equations:

I derive the IS equations and Phillips curves for prices and wages. The intertemporal

Euler condition can be represented in a log-linearized form as

¢t = Er{cir} — (i — Et{”fﬂ} —p)

where p = — log B. When the goods market is clearing, I have y; = c;. Rewriting the

above equation in terms of the output gap, I have
x¢ = Ee [xeq1] = (it — B[] ] —7})

Log-linearizing the first-order condition for the wage setting around that steady state
yields

wf = W+ (1= Bby) Y (Bbw) E: {Ct+k + PNy + Pt+k}
k=0

Up to a first-order approximation, one can write the log-linearized output as
Ye=np+ay

The change in natural real wage, that is, the real wage that would prevail in the

absence of nominal rigidities, is given by
w} = a;

Incorporating the expression for Ny, I have: 1

*
Mpkle = —€w(Wf — Wiyk) +Mppg

"Throughout this paper, w; and w; denote the log of the nominal wage, w}' represents the natural
real wage, and w; signifies the real wage gap.
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Recursively, w; can be expressed as

wi = (1 - Boy) Z(.Bew)kEt Y + copk — €wp(Wf — Wigk) + PN + Prokt
k=0
_ 1By ¢ k
= Z (BOw) Et {(€w@ + 1)wiik + Yk + @y — (Wrgk — Prak) + P }
1+ ewg =

= BOuE{wi} + (1= o) (wr — (1 +eup) ')

where (1Y = py — (Wirk — Prak — Wik + ¢ni1k)). fifshould equal zero when prices
and wages are flexible. Therefore,

Ay = 1+ @)xr — wppk
Combining with the wage evolution equation:
wt = Oypw; 1+ (1 —0y)w;

I have the Phillips curve for wages (3). The real wage gap follows (4) from its defini-
tion. The IS equation and Phillips curve for prices are derived similarly to the standard

New Keynesian model.

Proof of Lemma 2:

For the characteristic function, I have

b

F0) = A=Al = (A= B = (1 o+ ) (A =

:B ,B Kuw
TP T Ny T T N TNy P
Firstly, I show f(0) < 0:
_ AB Kw ,B ,B K
A I R s L 2 s VA WS VO s o
_ s B
= Firen, <0
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Secondly, I show f(1+<pN ) > 0:

- R A

—B) >0
1+ ¢Ny 1+ ¢Ny 1+ ¢Ny 1+ @N,, 2

Then, I show f(1) < 0

F1) = (1= B) (s + 1) (1= ) = Pl = )

p Kw
1+ ¢Ny 1+ §Ny

(1-B)<0

where the inequality holds because each term is negative.
Finally, I show f(1+ g +xp) < 0:

Kuw B
= — ]_ _— _—_— ) —
) = P R, T T T N,

Kw
1—|—4>Nw+Kp B) <0

Kw
fA+ e,
,5 Kw

1+
1+¢Nw1+¢Nw<

where the inequality holds because each term is negative. Notice that when A — oo,
f(A) — oo (since the coefficient of A3 is 1). Thus we must find a number K > 1+
T¢Ny + Kp satisfying f(K) > 0. By the continuity of f(A), we know three eigenvalues

lie in ranges (0, 1+§Nw ), (1+§N ,1)and (1+ 1+4>N + xp, K).

Proof of Lemma 3:

Let A1 denote the eigenvalue in (0, 1"‘;+Nw) and A, denote the eigenvalue in (%, 1).
Let A3 denote the eigenvalue larger than one. (13) can be written as:

Aprte® Ap7tiiq® A0 0 Ap7trq®
Arie? | = A Aymad? | =CH 0 Ay 0 | C| Aprige? (60)
Apyw;i_q Aywy 0 0 Az Apywy
Thus
Aprti® At 00 Ap7tiir®
Cl| My | =] 0 Ay 0 [ C| Apmrpiq? (61)
Apwy_q 0 0 Az Apwy
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ap b
LetC = | ay by ¢ |. Since we focus on the bounded economic path and A <1
as bz c3
Ay < 1, by iterating (61) we must have

AbT[tw AbTth
[ ai bl C1 ] Abﬂ'tp = [ as b2 (8)) ] Abﬂ'tp =0 (62)
Apwi_q Apwi_q
Or
b Aprt?
a 01 b7t _ €1 Ays_1 (63)
a» bz Abﬂtp (0]
. ap by | :
At this moment, suppose ! is invertible. Then
az 02
- 1 -1
Abﬂ'tw a b1 C X
= - Y = | Y| dwi (64)
AbTCtp i a» bz ] Co xp

Ayt and Ap7iF are linearly related to Ayw;_;. Substituting (61) into (13),

Abwt_l = A3Abwt, \% >T+1 (65)

From (64) and (65), we could characterize the whole economic path at and after T+1
once we know Apwr (or wr). In other words, the economic path after the trap only

depends on wr.

To make it rigorous, I show that o bl ] is invertible. If not, we must find
az 02
miay + mody; = 17’11171 + ﬂ’lzbz =0, {ml, mz} 75 {0,0} (66)
A 000
SinceA=C'| 0 A, 0 |C,itimplies
0 0 Az

[alm,q]A:Aﬂalm,q]{azm Q}AZAdazb Q] 67)
Then
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(7;:—11[511 by cl}—k%[az b, cz])A:[O 0 mycy + moco (68)

By using the specific values of A in (13), we get

mp o omy oy omy
A—lﬂl + A_Zaz =N by + e by; (69)
Combining with (66),
mo_ma, o m
()\_1 /\_z)al = ()\1 A )171/ (70)

We get a1 = by or t1 = 2. If 71 = 32, by using (66) and (67) again, we can also get
a1 = by. Substituting a; = b; into (67),

p
N 71
1+ ¢Ny P (71)
It is a contradiction.
Proof of Lemma 4:
Substituting (64) (65) into (13) we get
Xw 1+(€Nw 0 1—;;;\0]%,, Xw
xXp | = oﬁ B Kp x, | Az (72)
Then we have
A;lkw 1
T+oNy, Ay K _
= = o = e A 73
. -1 3 B
T+¢N,

Using A3 > 1, we have _M(Twwfﬁ < xp < 0and xp > 0. Since 1 = Xp — Xu + A_l,
we know x, < 1.
Using A3 > 1+ 1‘|'1§P+Nw + xp, we know )\3—1 — 0 when x, — c0. Thus xy, — 0. Since

1:xp—xw+)x3_1,weknowxp—>1.
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Proof of Proposition 1:

Step 1: The trick is to use the dominant part of matrix A, ignoring the higher order

infinitesimal. Rewrite A as

71 — Rw 71
_1+£N_w Kp 0 TNz p
A=rxp 0 ‘BK;l 1 = x,B(xp) (74)

Kw

b1 -1 -1
N PRy (L g )y +1

when x, — co, we know

00
B(xy) = 0 1] +od), (75)
0 1

o o o
o o o
_ o= O
_I_
e
=2
=
iR
N—
I
o o o

000
A=1x, |0 0 1| 4okp), (76)
001
And
T+1

0007 " 000
ATH =+ 10 0 1 +or, ™ =1, [0 0 1| 4oyt (77)

001 001

First I show Aywr — 0. If not, we know from lemma 4 that x,, and x;, are bounded
when x, — oo. Thus (19) can be written as

Agro? 0 00O Xw T p®
AgmroP :(K;—H 001 +0(K;+1))( xp | Dpwor — | 7P |)
Agw_+q 0 01 1 L Wy_p 78)
00 0
:K;J’l 0 0 Aywr—w,_y —i—o(K;H)
0 0 Aywr—w,_p |

Since w,_, — 0,
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Agmrp® 00 0
Aario? | =1, | 0 0 Apwr | +og, ) (79)
Aaw,1 00 AbwT

Then A,w_; (also w_1) grows exponentially to infinity with x,. It leads to a contra-
diction. Thus we show A,wr — 0.

Ayt

Combining with (64) and (65), we know | A,m? — 0, Vt > T+ 1. Then
Apwi—q

v Y 0

TP = | P | = | —g | VE=T+1L
Wi wy 0

Step 2: we show eigenvalues A1 — 0 and A, — %:

We rewrite f(A) as a function of xp: f(A) = Kp(% — M)A+ g(A). For any A
slightly above 0, (w% — A)A > 0. For large xp, we must have f(A) > 0. As we have
already proved f(0) < 0 in lemma 2, by continuity, we know A; — 0. Using the same
approach, for A slightly above %, we know (% —A) < 0and then f(A) <0
for large enough . As f (1+<¢+Nw) > 0, by continuity we know Ay, — %

Step 3: we show [ul by cl] — [1/\/5 —-1/v/3 1/\/3], [az by cz] —
[ 1 00 ], where [ a, by ] and [ a, by ¢y | are normalized eigenvectors for
A1 and Ajp:

Since Ay — 0 and [ a, b } is bounded, we have

1+§Nw 0 e
[al by cl} 0 B Kp —>[OOO]

1+_(P‘[;\]w ’B I+ ":Iz;)l\lw + Kp

=a1—c¢1—>0,b;+c1—0

Then[al bl C1:|—>|:1/\/§ —1/\/§ 1/\/§}Slnce/\2—>%
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[ﬂz ) Cz] 0 5—% Kp —>[000}
N p L+ 5500 +Kp
=c—0,(B— p Yoo+ Bco - 0=0c, - 0,bp >0

14+ ¢Ny

Then[az by cz]—>[1 0 0}.
Step 4: we show A,wy — 0, Vt < T:

M 00 a b oo
Replacing AbyC~'| 0 A, 0 |CwhereC= | a, b, ¢, | contains all eigen-
0 0 /\3 as b3 C3
vectors,
ATty MR 00 Yo TTap"
Cl A | = 0 AT 0 C(| xp | Mpwr— | mop? |)  (80)
AgWi_q 0 0 ATt 1 Wy_p

Using Aywr — 0 and combining steps 2-3, we find the above two elements of the
RHS vector converge to zero, then

b Aartr” 0
a Cc
oA A | = (81)
a» b2 (8] 0
Agwi_q

If Ayw;_1 does not converge to 0, divide (81) by Ajw;_1. Let x4 = At/ Agwy_q
and x,; = Ag7iiP / Agw; 1, we can get

2]-1)
Xp,t ] 1

Xw,t Xwt | .
“" | shares the same proprerty as “" | is bounded,
Xpt Xp Xpt

we apply the same approach in step 1 to show that w_; grows exponentially with x,,

in lemma 4. Since [

which leads to the contradiction. Then we prove A,w;_1; — 0. By using (81) again, we
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AN, i v v 0
know | A, — 0,Vt < T. Thus | ;P — | P | = | =g |Vt T

Agwi—q Wt—1 Wy 0
Using the IS equation (1), we can check that i; — p. Thus the ZLB is indeed not binding

as Kp —r 00,

Proof of Lemma 5:

First, we show the existence of such a solution for x, > 0:
Let 74 = 1, we find C, = 1K_—”ﬁ, Cw = 1K_—’”ﬁ+1, Cy = W, and Q, =

2 2 2
%lecw. They are all positive, so the LHS of (44) is positive. Let 7, — oo, we find

Cp—0,Co— —1,Cx = =5, 22 = 0,70C2 = 0, (1 4+ NuCa)yw — p + K0 + 1+ B,
Cpyw — %p, and the LHS of (44) converges to minus infinity. So, there must be a solution
with v, > 1.

Then we prove 7y, — o0 and C,, is bounded:

From (33) we know C, = %1;—”_/3 If 7 does not converge to infinity, we have C, > 0
as v, > 1and C, — +oco0 when x, — +o0. From (34), we know Cy — +00 and from (6)
we know Cy — +o00. From (37) we find Qy — oo. Using the fact that Cy,, C, Cx and Qy
all converge to infinity and <, is bounded, the LHS of (44) should converge to infinity,
which leads to the contradiction. Thus 7y, — 0, and for the same reason C) is bounded.

Finally we prove the lemma:

As vy — oo, from (35) we know Cy, — Cp — 1. From (34) we know NyCy — Cy.
From (37) we find Q,, — C2 + ptpC;zj + 1wC3 — C2 + 1y C2 since 1, — 0. So Qy is also
bounded. Combining with (44), we have

Yo (Na(1pCh + 1#0CpCu) + (14 NuCi)Cx) + NupptCo — 0; (83)

which requires (necessary but not sufficient condition)

No (#pCy + 1wCpCu) + (1 + NuCy)Cy — 0; (84)

Combining with 1, — 0, Cyy +1 — Cp and Ny Cy — Cy, we get

1
w

Thus Cy — 0 or Cy, — 0:
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(1)IfC, — 0,wehave C;, — —1and since C, = %UK—”_ﬁ, we know Cp7, — c0. Besides,
YopCy = prpﬁcp — 0. The LHS of (44) becomes

1
')’wcpcw(,uwNw + N_) + Nw,uwcw — —00 (86)
w

which leads to a contradiction.

(2) We can check that the solution with C,, — 0 satisfies all the conditions. Using
the limit relationships, we can easily prove the rest limit properties: C, — 1, i, — 0,
Qw — 0. For the previous discussion, we assume that ZLB is not binding (when we
derive the FOC, we do not consider the ZLB constraint of i5). We show here that it is
true: as i, — 0, our policy rule i(w) — p. Since p is positive, ZLB is indeed not binding.

Proof of Lemma 6:

Using the chain rule, we have

dx;  dx;q1(wy) dwy drl  (wr) dw,

= = 1 7
dit dwt dlt T dwt dlt (8 )
dr} dnf+1(wt) dw; dw;
dit - ‘B dwt dlt Kpd_l.t (88)
dﬂgv . dn?_,_l (wt) dw; dx; dw;
T o T L Y (59)
And the first order condition is
_dx pdr] LAY 1 dQY dw;
0= Xtd—it—i—]/lpﬂ'td—it—f—]/lwﬂt d_lf—i_E'Bd—wtd_lt (90)
As 7t (wy), xp41(wy), QF 1 (w;) converge to the constant zero, we have % —
w P
0, % — 0, de;—ulJEwt) — 0. Since nf+1(wt) — wy — Awy, ;, we know dnt;;v(twt) — 1.
Combining with (51)-(89), we have
dw; dw; dx; dr! A
Combining with (91), FOC requires
Xt + Nw,uwn?) — 0 (92)
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When we replace the “limit” relation in (85) with equality, it becomes the FOC of
the government when it is non-forward-looking. This implies that when the price is
sufficiently flexible, the two equilibria with forward-looking and non-forward-looking
governments forward-looking and non-forward-looking governments converge to be
the same.

Substituting (92) into (47),

KWy Haw oKy Wy
oyt Powtwt 93
t 1_'_wa%) Xt 1+‘1/le%) ( )
Combining (93) and (45),
=t HReRe A ) (94)

p

Combining (50), (94) and our assumption that 77, ;

(wt) — Wt — AZU;Z_H, nfjrl(wt) —
0, x;11(w¢) — 0, we have

(1+xp+ kw + Noky + B — Ry)wp — w1 — Awy + BAwy, 4 (95)

14 ppR2
As Kk — o0, kpw; in the LHS becomes dominant. It requires x,w; — w;_1 — Aw} +
BAwy, ; and wy — 0. Using (93) again, we know 7;” — 0 and x; — 0 regardless of w; ;.
Thus 71 (w;_1) — 0, x;(w;_1) — 0, and w;(w;_1) — 0. Similarly we find 7f (w;_1) —
—BAW}, | + (w1 — Awf + BAw} |) = w1 — Awy'. From (49) we find Qf (w;—1) — 0.
Previous discussions assume that ZLB is not binding (when we derive the FOC,
we do not consider the ZLB constraint of i;). We check it here. Using (94), we know
it = r¢ — Awy, ; aswy — 0. Since r{ — Aw}', | = p and p is positive, ZLB is not binding.

Proof of Proposition 3:

We have proved the case where x, — o0 in lemma 6. So we only need to prove the case
where x;, — 0.
%%’1) —0,Vt >0asxy — 0:

(1) For t > T, we only need to prove C,, — 0. From (34), we know as x,, — 0,

Firstly we prove

Ny — 0. Thus we must have C;, — 0.

(2) For t < T, we use backward induction. Assume At (1) — 0. From (47), we
dwt

know
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dﬂ";ﬂ(wtfl) _ dn—;ﬂ-‘rl(wt) dZUt + Nwd‘xt(wi’—l) . Kwdwt(wt—l) (96)

dwt_l N dwt dwt_l dwt_l

: drti’y 1 (wr) dxy(wi—1) dwi(wi_q)
Since — e 0 and T dwn

are bounded (when x;, — 0, there is no

drm wi) ),

reason for the derivatives to be unbounded), we must have T

Then we prove the lemma:

From (51) we know ‘Z—? — 0 and yw‘fi—zftt converges to a constant. From (87) and (88),

P
we have ddii: — 0 and % — 1. From (89):

dr’ drrf (wt)  dw dx dw
by using dn%gu(twt) — 0. Thus, the FOC becomes:

Xt + prtwﬂf’ —0 (98)

which is the same as the FOC for the non-forward-looking government.
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